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Preface 



“Experiences in Mathematical Discovery” is a series of ten 
self-contained units, each of which is designed for use by students 
of ninth-grade general mathematics. These booklets arc the culmi- 
nation of work undertaken as part of the General Mathematics 
Writing Project of the National Council of Teachers of Mathematics 
(NCTM). 



The titles in the series are as follows: 

Unit 1: Formulas, Graphs , and Patterns 
Unit 2: Properties of Operations with Numbers 
Unit 3: Mathematical Sentences 
Unit 4: Geometry 

Unit 5: Arrangements and Selections 
Unit G: Mathematical Thinking 
Unit 7; Rational Numbers 
Unit S; Decimals, Ratios, Percents 
Unit 9: Positirc and Negative Numbers 
Unit 10: Measurement 



Tills project is experimental. Teachers may use as many units 
as suit their purposes. Authors are encouraged to develop similar 
approaches to the topics treated here, and to other topics, since 
the aim of the NCTM in making these units available is tostimu- 



4 



PREFACE 

late the development of special materials that can be effectively 
used with students of general mathematics. 

Preliminary versions of the units were produced by a writing 
team that met at the University of Oregon during the summer of 
1003. The units were subsequently tried out in ninth-grade general 
mathematics classes throughout the United States. 

Oscar F. Schaaf, of the University of Oregon, was director of 
the 1DG3 summer writing team that produced the preliminary 
materials. The work of planning the content of (he various units 
was undertaken by Thomas J. Hill, Oklahoma City Public Schools, 
Oklahoma City, Oklahoma; Paul S. Jorgensen, Carlcton College, 
Northficld, Minnesota; Kenneth P. Kidd, University of Florida, 
Gainesville, Florida; and Max Peters, George W. Wingate High 
School, Brooklyn, New York. 

The Advisory Committee for the General Mathematics Writing 
Project was composed of Emit J. Berger {chairman ) , Saint Paul 
Public Schools, Saint Paul, Minnesota; Irving Adler, North Ben- 
nington, Vermont; Stanley J. Bczuszka, S. J., Boston College, 
Chestnut Hill, Massachusetts; Eugene P. Smith, Wayne State 
University, Detroit, Michigan; and Max A. Sobol, Montclair State 
College, Upper Montclair, New Jersey. 

The following people participated in the writing of either the 
preliminary or the revised versions of the various units; 

Ray W. Cleveland, University of Alberta, Calgary, Alberta 
Donald H. Firl, Rochester Public Schools, Rochester, Minnesota 
Carroll E, Fogal, University of Florida, Gainesville, Florida 
Edward F. Gottlieb, Madison High School, Portland, Oregon 
Kenneth P. Kidd, University of Florida, Gainesville, Florida 
D. Thom as King, Madison Public Schools, Madison, Wisconsin 
Edna K. Lassar, Polytechnic Institute of Brooklyn, Brooklyn, 
New York 

John F. J^Blanc, Racine Public Schools, Racine, Wisconsin 
Sco,t 1). McFadden, Spencer Butte Junior High School, Eugene, 
Oregon 

James M, Moser, University of Colorado, Boulder, Colorado 
Max Peters, George W. Wingate High School, Brooklyn, New 
York 
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Leonard Simon, Bureau of Curriculum Research, New York 
Public Schools, New York, New York 

Sister Hit a Jean Tauer, College of Saint Catherine, Saint Paul, 
Minnesota 

Irwin N. Sokol, Collinwood High School, Cleveland, Ohio 

William H. Spragens, University of Louisville, Louisville, Ken- 
tucky 

Mary E, Stine, Fairfax County Schools, Fairfax, Virginia 

Arthur J. Wiebe, Pacific College, Fresno, California 

John E. Yarnclle, Hanover College, Hanover, Indiana 

(irateful acknowledgment is hereby expressed to Muriel Lange 
of Johnson High School, Saint Paul, Minnesota, for cheeking on 
appropriateness of language and for working through all problems. 

Finally a word of grateful thanks is extended to the NCTM 
headquarters staff for their assistance, and in particular to Clare 
Stifft and Gladys Majette for their careful attention to production 
editing details. 



Emil J. Bergkk 

Chairman t Advisory Committee 
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Mathematical Thinking 




Don and Phil were walking 
home from school one day 
during the month of Novem- 
ber. Don said, Tm glad 
winter is almost here. 1 think 
winter is the best time of the 
year.*' To this Phil replied, 
“Oh no! I think summer is the 
best time of the year.” For the 
rest of the way home Don 
tried to convin e Phil that 
winter is the best time of the 
year, and Phil tried to con- 
vince Don that summer is. 




Class Discussion 

1 . One of the two boys in the above story likes (o ski and ice rkate. 
The other is (he star third baseman on an American legion base- 
ball team. Which one is Phil and which one is Don? 
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2. What is the “best” time of the year for a man who likes to play 
golf ; for a boy who is a Green Bay Packers’ fan; for a girl from 
Minnesota who likes to swim? 

3. What is the “worst” time of the year for a resident of Fairbanks, 
Alaska; for an American citizen who has to pay income taxes; 
for a department store salesclerk who gets paid by the hour; 
for a mailman? 

Sally and Maureen were listening to records one afternoon. 
Sally said, “I think the Four Tunes arc the greatest singing 
group around.” “Really?” said Maureen. “1 think the Three 
Wise Men arc the mosi. Trie Three Wise Men are really cute 
and they have the neatest haircuts.” “That doesn’t mean a 
thing,” replied Sally. “What matters is the message in their 
songs, and the Four Tunes really turn me on.” 

a. Do you think Sally could convince Maureen that the Four 
Tunes arc a better singing gioup then the Three Wise Men? 

b. Do you think Sally’s definition of “the greatest” and 
Maureen’s definition of “the most” arc the fame? 

c. What does Maureen mean by “cute”? By “neatest”? 

d. What docs Sally mean by “the message”? 

5. Ted was having an argument with 
his sister Jo. Ted thought there 
were six cubes in the picture at 
the right, but Jo said there wc c 
seven. Who was right? Before you 
answer, turn this page upside 
down and look at the picture 
again. 

6 . Mr. Pratto and his son MpHy were looking at cars in a used 
car lot. “Now there is a good buy,” said Mr. Pratto looking at 
a 1002 Dodge. “Gosh, Dad! How can you say such a thing?” 
answered Marty. “Well,” said Mr. Pratto, “It Is big and roomy 
and should lie comfortable. It has power steering and power 
brakes, and the six-cylinder engine should give good gas mileage.” 
“Ugh!” was Marty’s comment. 
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a. What kind of used car do you think Marly would consider 
a “good buy”? 



b. If you were a used car salesman, what kind of ear would you 
show a teenager; a newly married couple with no children; 
a traveling salesman; a retired railroad engineer? 



Differences in points of view among people depend on the way 
in which they have been raised, how much money they have, their 
ages, what pari of the country they come from, and many other 
things. 

In the exercises above you were asked to give your reactions to 
certain situations while looking at them from someone clse’s point 
of view. Many of the questions asked did not have definite answers. 
One reason for this is that the discussions centered around words 
that could have different meanings for different people. If a dis- 
cnHnn is to result in a definite conclusion, it is necessary to agree 
on the meanings of the words and symbols that are used. 



1. Fm each statement, tell at least one thing on which two people 
would have to agree in order to decide whether or not the state- 
ment is true. 
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{{.x/H'rii'm't's in \Utt hemal icat 



a. A test score of 55 is low 

b. John F. Kennedy was a good president. 

<. Colorado is the prettiest state in the United States. 

<t. Driving faster than 60 miles per hour is dangerous, 
e. Failure to vote in an election is unpatriotic. 

2. For each exercise give at least one reason that might explain 
why the people named have the opinions they do. 

c. Mr. Simmons thinks Washington, D.C., is the best place 
in the United States in which to live. 

b. Martha's mother thinks hot oatmeal makes a good breakfast. 

c. Walter thinks social studies is the hardest subject in school. 

d. Farmer Stein feels that Holstein cows are the best kind of 
cows to raise. 




e. Mr. Corey says it is more sensible to buy a new car every 
year than to keep one car for several years. 

f. Belinda claims long division is easy. Her sister, Bertha, 
claims it is very hard. 

g. Mr. Windnm thinks it is smarter to travel to Kurope by 
airplane than by boat. Mrs. Wirdoin thinks the opposite. 

h. Ronald’s teacher says Indians arc the only true Americans. 

3. There is a word or phrase ir. each statement in exercise 2 that 
could line different meanings for different people. Identify 
this word or phrase. Then tell what this word or phrase might 
im .in to the people involved. 

In this section you saw that different people can have different 
points of view about certain things. In the seed as that follow you 
will see how people use ideas from mathematics to form opinions. 
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' 2i A Game of Tennis 



Sam and Steve were playing tennis, but neither seemed to be play- 
ing very well. After a while Sam said “I wonder what is wrong? 
Maybe the ball we are using is no good/' Steve replied, “Why don’t 
we test it and find out? AVe ran drop the ball from different heights 
and see how high it bounces,” Luckily the boys were playing on 
a tennis court near their school. So Sam ran into the woodshop 
and borrowed a measuring tape. The results of the boys' experiment 
are shown below. 



Experiment 1 



Distance Dropped 
(Inches} 


12 


It 


24 


30 


36 


Height of Bounce 
(Inches) 


4 


S 

i 


t 


10 


12; 



“There does rot seem to be any pattern in lbe results,” said 
Steve. “The ball must be defective.” 

“Our results don’t prove a thing , 11 replied Sam. “Maybe all 
tennis balls behave, like the one \vc have. Let's repeat the experi- 
ment with another ball that we know is good.” Steve dashed into 
the coach’s office and borrowed a brand-new tennis ball. When 
the boys repeated the experiment with the new ball, they got the 
results below. 



Experiment 2 



Distance Dropped 
(Inches) 


12 


IS 




30 


36 


41 


Height of Bounce 
(Inches) 


6 


“•i" 


_"s_! 


\T' 


i 


«!* 



“See! I told you so,” shouted Steve. “The ball we wore using is 
no good.” 



Experiences in Mathematical Discovery 



1 . Do you think Steve’s conclusion 
is a sensible one? 

2. What pattern do you think Steve 
saw in the second experiment ? Can 
you state this as a rule? 

3 . Docs the rule you stated fit each 
trial in the second experiment? 

If not, why not? 

4 . Do the results in the first experi- 
ment cornc close to fitting the rule 
you stated? 

5 . Can you think of another way to carry out an experiment to 
see if the tennis ball the boys were using is defective? What 
difficulties might you run into if you tried your method? 




Sam and Steve conducted an experiment to arrive at a conclusion. 
They recorded the results of their experiment in a table. Then they 
examined the table for a mathematical relationship between the 
pairs of numbers in the tabic. Steve felt the relationship was so 
noticeable that he could form a rule about the pairs of numbers. 
He thought the rule proved his hunch about the first tennis ball. 




1. o. In the table below, the second number in each column is 
two times the first number. Complete the table. 



first Nvmber 


1 


7 


3 


5 


8 


- 


- 


Second Number 


7 


4 


6 


— 


- 


30 


30 



b. Write a formula that expresses the relationship in the table. 
Use / to represent the first number in each column, and .s 
to represent the second mi mix.. 



Class Discussion 4 ’ 
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2. In the table below, the numbers represented by a and b are 
related by the formula b = 3a — 1. Complete the table. 



° 


i 


2 


3 


5 


fi 


11 


15 


— 


— 


b 


2 


5 


B 


— 


-■ 


— 


— 


17 


29 



3. A formula that relates the numbers represented by x and y is 
y = \x + 3. Complete the table. 



X 


1 


2 


3 


- | 


10 


- 


15 


- 


- 


l_JL_ 




4 


— 


6 


1 “ 


4 


- 


14 


15 



4, The table below relates the length of the side of a square with 
the area of the square. Complete the table. 



length of SfcTe 


2 


3 


4 


- 


- 


10 


12 


Area of Sqgore 


4 


9 


- 


25 


49 


100 


- 



5. Let A represent the area of a .square and let s represent the 
side of a square. Write a formula that relates A with s, 

6, Writo a formula that expresses the relationship between the 
numbers represented by x and y in the table below. 



X 


l 


2 


3 


5 


S 


10 


y 


3 


6 


9 


15 


24 


30 



7. Write a formula that expresses the relationship between the 
numbers represented by rn and n in the table below. 



m 


1 


2 


3 


5 


3 


10 


n 


1 


3 


5 l 


1 9 


15 


19 



8 . Complete the following table. Your answers should fit a formula 
that relates the given pairs of numbers. Can you tell what the 
formula is? 



X 


1 


2 


3 1 


4 


5 


6 


- 


- 


12 


— 


y 


s 


11 


14 


17 


- 


- 


32 


35 


- 


50 



14 
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Nothing to Wear 



One day in late August, Monica said to 
her father, “Dad, since I am going into 
junior high this fall, I think I should get 
some new clothes, I really don't have a 
thing to wear,” Her father, Mr. Burkett, 
thought to himself, "Where have I heard 
this before?” But he answered patiently, 
“Monica, I am a carpenter, and I spend a 
lot of time figuring out different ways to 
make things. While you’ve been talking, 
Fve been figuring out how many different 
outfits you have to wear. Not even count- 
ing your dresses, I figure that with your 
five different skirts and six different 
sweaters you can come up with thirty dif- 
ferent outfits. So how can you say that you 
don’t have a thing to wear?” 




Class Discussion 



i - ■ 
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1, Suppose Monica had four different skirts and seven different 
sweaters. How many different outfits could she wear? 

2 . From the practical point of view, what is wrong with Mi. 
Burkett’s reasoning? What word probably has a different moan- 
ing for Monica than it does for Mr. Burkett? 

3. Suppose Monica is an “oddball” about clothing and doesn’t 
care whether or not colors clash. How many outfits would she 
have if she had three skirts and four sweaters? 

4, If an outfit consists of a skirt, a blouse, and a sweater, how- 
many different outfits could Monica w?ar if she had three 
different skirts, eight different blouses, and two different 
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sweaters? If she had four different skirts, seven different blouses, 
and five different sweaters? 

5. Suppose Monica is not an “oddball” and does care whether or 
not skirts and sweaters match. Describe a method of figuring 
out how f many different outfits she could wear that are har- 
monious in color. Try to invent a method that is better than 
just counting. 



Mr. Burkett used a special method of counting to find the num- 
ber of combinations of skirts and sweaters that Monica can wear. 
However, his definition of “outfit” is probably not the same as 
Monica’s. Therefore, he came to a conclusion that is not practical 
as far as Monica is concerned. Mathematics is useful only when it 
is supported by clear thinking. 






1. Suppose again that Monica really is an “oddball” about cloth- 
ing, Complete the tabic by giving the number of outfits she 
can wear. 



Numb«r of 
Skirt « 


Number of 
Swtctcn 


Total Nwmbtr of 
OvMSli 


5 


6 


30 


4 


7 


- 


3 


4 


— 


4 


4 


— 



2 . Tim has three suits and five ties in his wardrobe. Let F repre- 
sent the first suit, S the second, and T the third. Also, let each 
of the numerals 1, 2, 3, 4, and 5 represent one of the five ties. 



1G 




By listing first a suit and then a tie, indicate all suit-and-tie 
combinations. (For example, let S- 3 represent the combination 
made up of the second suit and the third tie.) 

3. How many different suit-and-tie combinations did you obtain 
in exercise 2? Could you have found this answer without 
actually counting all combinations? 

4. Mr. Nielsen is planning a business trip from Denver to New 
York with a stopover in Chicago. He can go from Denver to 
Chicago on any one of four different flights and from Chicago 
to New York on any one of three different flights. In how many 
different ways can Mr. Nielsen make the trip from Denver to 
New York? 

5 . Suppose Mr. Nielsen had business in Boston. He can get from 
New York to Boston on either of two different trains. In how 
many different ways can Mr. Nielsen make t 1 e trip from 
Denver to Boston? 

6 . A battery on a baseball team con- 
sists of a pitcher and a catcher. 

If a team has six pitchers and two 
catchers, in how many different 
ways can a battery be chosen? 

7. The letters A and B can lx? writ- 
ten in two different orders, AB 
and BA. The letters A , B, and C 
can lx? written in six different 
orders. ABC and CAB are two of 
the six different orders. Write 
down the four other possible 
orders. 

8. In how many different orders can the four letters, A, B, C t 
and D be written? (Hint : Consider all possible orders with A as 
the first letter. Then consider all possible orders with B as the 
first letter, and so on.) 

9 . The information in exercise 7 and the answer to exercise 8 are 
recorded in the table at the lop of the next page. 
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Number of Different 


Number of Different 


letter* 


Orders 


1 


1 


2 


2 


3 


6 


4 


24 


5 


— 



a. Did you get 24 for your answer to exercise 8? 

b. Complete the tabic for five different letters. 

Do not try to get the answer by writing 
down all possible orders of five letters. 
There are over 100 of them! Instead, ex- 
amine the table to find a pattern, and then 
use the pattern. 

10 . If a coin is tossed in the air, there are two pos- 
sible results. The coin can land “heads” or 
“tails.” Ordinarily we use // to represent 
“heads” and T to represent “tails.” If the 
coin is tossed twice, there arc four possible 
results. One of these can be represented by 
77/, which stands for “tails” oil the first toss 
and “heads” on the second toss. 

c. List the four possible results if a coin is 
tossed two times. 

b. List all possible results if a coin is tossed 
three times. (Hint : One of the possibilities 
is I ITT, which stands for “heads” on the 
fiist toss, “tails” on the second toss, and 
“tails” on the third toss.) 

c. If a coin is tossed four times, one possible 
result is THHT . What docs TIHIT stand 
for? List all possible results that can be ob- 
tained by tossing a coin four times. 








d. Summarize the results you have obtained thus far by com- 
pleting the table below. 



Number of Totses 
of a Coin 


Number ol P«i*ible 
Reiu 1 .* 


1 


2 


2 


4 


3 


— 


4 


— 



e. Try stating a rule that relates the number of losses of a 
coin with the number of possible results. Use the rule you 
stated to find the number of results that are possible if you 
toss a coin five times; six times. 



HH The Snowflake 



One winter morning Marlene and Mary Kay were chatting while 
waiting for the school bus. “The snow that is falling makes every- 
thing look beautiful/’ said Mary Kay. “A single snowflake is very 
beautiful. Did you ever see one up close?” She held out her blue 
mitten to catch one. 




“It is pretty/’ said Marlene as she inspected the snowflake 
closely. 

“That’s because it is symmetrical,” replied Mary Kay. Just 
then the bus came and they got on. 

“What do you mean by symmetrical?” asked Marlene. 
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Mary Kay replied that any flat object is? symmetrical if a drawing 
of it can be folded along a line so that the part on one side of the 
line just fits over the part on the other side. 




Is this picture symmetrical with respect to line? 



Ctass Discussion (4 

1. Do you think the figure at the right is 
symmetrical? 

a, Make a tracing of the figure and fold 
the tr icing along a line. 

b. Along what line did you fold ihc 
tracing to determine whether or not 
the given figure is symmetrical? 

2. If a figure \< symmetrical with respect to a line, we refer to the 
lino as a line of symmetry. 

o. How many different lines of symmetry does a square have? 



O 
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b. Make a copy of the square at the 
right and sketch the lines of sym- 
metry. 

3. a. How many lines of symmetry does a 
rectangle have? 

b. Make a copy of the rectangle at the 
right and sketch the lines of sym- 
metry. 



4. a. How many lines of symmetry does an 

equilateral triangle have? 
b. Make a copy of the equilateral tri- 
angle at the right and sketch the lines 
of symmetry. 

5. How many lines of symmetry does a 
highway stop sign have if the word 
“STOP” is ignored? 




6 . How many lines of symmetry do you 
think a circle has? 



7 . Mary Kay's sister has a pinwheel like 
the one shewn at the right. 

a. Docs it appear to be symmetrical in 
some way? 

b. Does it have any lines of symmetry? 

c. Can you think of a way to describe 
this kind of symmetry? 




( Summary — 4 > . * 

Mary Kay used the la?>guage of malhematirs to describe the 
beauty of an object of nature, the snowflake. In the sections that 
follow you will see many ways in which mathematics can help you 
think and speak clearly about things von see around you every day. 
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Exercises — 4 



1. Iiob mid Otto, two high school musicians, wanted to form a 
musical combo. Choosing a name for the combo presented a 
problem. Mr. Henry, the mathematics teacher, suggested that 
they choose the name “The Symmetries.” When the boys asked 
why, Mr. Henry explained, “Because the capital letters used to 
print your names are symmetrical.” 



a. Print the names BOB and OTTO on a sheet of paper. Use 
capital letters. 

b. Draw a line of symmetry for each name. 

<, For which name is the line of symmetry vertical? For which 
name is the line of symmetry horizontal? 

2. Bob thought Mr. Henry’s idea was a good one. “Let's include 
Ed in the group,” *nid Bnl>. IBs name is symmetrical ton.” 
Show that the name Ed printed in capital letters is symmetrical. 

3. a. Print all capital letters of the alphabet that have a line of 

symmetry. 

h. Some capital letters have more than one line of symmetry. 
List them. II is one such letter. 

4. Print all digils that have a line of symmetry. Does any digit 
have more than one line of symmetry? Draw the lines of sym- 
metry in each ease. 





f in \futlwtnafimi />/Vn['i > v 
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5. Otto said, “Let’s include Anna in our combo. She is a good 
singer, and besides, her name is symmetrical, loo.” 

“Oh, no, it isn’t,” .said Air. Henry. “Print 
ANNA and draw a vertical line between the 
two N’s. Do you see that the A Vs arc sym- 
metrical with respect to the vertical line, but 
the N\s are not?” 

“Now I do,” said Otto, “but the letter N 
has sonic sort of symmetry of its own, doesn’t 
it?” 

“Yes, it has what is known as point symme- 
try. If you locate a point on the letter N as shown 
at the right, the parts on the two sides of the 
point have the same shape. But you can’t get 
one part on top of the other by folding along a 
line. You have to imagine turning one part 
round and round to get it to fit on the other 
part.” 

■‘Say, I can think of a couple of other letters 
that have point symmetry,” said Otto. 

a. Print nil capital letters that have point symmetry. You 
know that N is one such letter. So is S. 

b. Locate the point of symmetry for each letter you printed. 

6 . Print all digits that have point symmetry. 

7. “Some figures that have line symmetry also have point sym- 
metry,” said Mr. Henry. “The capital letter H is one example; 
X is another.” Print other capital letters that have bollt line 
symmetry and point symmetry. 

B. Which of tlse figures displayed in the exercises of Class Dis- 
cussion 4 have point symmetry? 

9. Which of the figures shown on the opposite page have point 
symmetry? Which ones have line symmetry? Which have both? 
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5 Is Seeing Really Believing? 
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Ev ry day we receive thousands of bits and pieces of information. 
These come to us through our five senses — sight, hearing, smell, 
taste, and touch. Our minds sort the information we receive ntd try 
to make sense of it all. If we make good use of our senses and think 
clearly, the conclusions \vc form will be useful. 



Because seeing is perhaps the aost used way of getting informa- 
tion, let us begin by cheeking now well wc make observations. 
Unfortunately, wc do not always see what wc think wc see. 

1. Look at the diagram below. Which segment below i.s in the 
same line as the segment above? 



a b c 

2. In each exercise, look at the figure and decide which segment 
is longer, 7l H or r/j. 
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